Introduction and Main Results
In this paper, we deal with the existence and multiplicity of positive solutions for the following semilinear elliptic equation: N , we are only aware of the works 12-15 which studied the existence of solutions for some related concave-convex elliptic problems not involving sign-changing weights .
Wu in 16 has studied the multiplicity of positive solutions for the following equation involving sign-changing weights:
E f λ ,g μ where 1 < q < 2 < p < 2 * , the parameters λ, μ ≥ 0. He also assumed that f λ x λf x f − x is sign-changing and g μ x a x μb x , where a and b satisfy suitable conditions, and proved E f λ ,g μ has at least four positive solutions. N 1 in Ω and there exist δ > 0 and 0
where θ 1 is the first eigenvalue of the Dirichlet problem −Δ in Ω . The author proved that there exists a positive constant Λ 0 such that for λ ∈ 0, Λ 0 , E λa,b possesses at least two positive solutions.
Miotto and Miyagaki in 18 have studied E λa,b in Ω Ω × Ê, under the assumption that a ∈ L γ/ γ −q Ω q < γ ≤ 2 * with a / ≡ 0 and a − is bounded and has a compact support in
where θ 1 is the first eigenvalue of the Dirichlet problem −Δ in Ω . It was obtained there existence of Λ 0 > 0 such that for λ ∈ 0, Λ 0 , E λa,b possesses at least two positive solutions.
In a recent work 19 , Hsu and Lin have studied E λa,b in Ê N under the assumptions A1 -A2 , B1 , and Ω b . They proved that there exists a constant Λ 0 > 0 such that for λ ∈ 0, q/2 Λ 0 , E λa,b possesses at least two positive solutions. The main aim of this paper is to study E λa,b on the general unbounded domains see the condition Ω b and extend the results of 19 to more general unbounded domains. We will apply arguments similar to those used in 20 and prove the existence and multiplicity of positive solutions by using Ekeland's variational principle 21 . Set 
We denote by S b p Ω the best constant which is given by
4 Boundary Value Problems
A typical approach for solving problem of this kind is to use the following Minimax method:
where 
where Actually, Kwong 30 proved that the positive solution of E b in Ê N is unique. In 26 , for Ω is a periodic domain. In 26, 27 , the domain Ω is required to satisfy
1.8
Boundary Value Problems 5
The domain Ω satisfies the following conditions: ∞ and the existence of ground state solutions of limit equation 
Nehari Manifold
In this section, we will give some properties of Nehari manifold. As the energy functional J λa,b is not bounded below on H 1 0 Ω , it is useful to consider the functional on the Nehari manifold 
Thus, J λa,b is coercive and bounded below on M λa,b Ω .
Similar to the method used in Tarantello 20 , we split M λa,b Ω into three parts:
2.8
Then, we have the following results. 
Proof. The proof is immediate from 2.6 and 2.7 .
Moreover, we have the following result. Ω by 2.6 and Sobolev inequality, we have
and so
2.10
Similarly, using 2.7 and Hölder and Sobolev inequalities, we have
Hence, we must have
which is a contradiction. This completes the proof. ii If Ω a x |u| q dx > 0, then there are unique
Ω , and
Proof. The proof is almost the same as that in Wu 32, Lemma 5 and is omitted here.
Proof of Theorem 1.1
First, we remark that it follows Lemma 2.4 that
for all λ ∈ 0, Λ 0 . Furthermore, by Lemma 2.5 it follows that M λa,b Ω and M − λa,b Ω are nonempty, and by Lemma 2.1 we may define
Then we get the following result. ii
In particular, for each λ ∈ 0, q/2 Λ 0 , we have α λa,b α λa,b .
Moreover, by B1 and Sobolev inequality theorem,
This implies
By 2.4 and 3.7 , we have
10 Boundary Value Problems
Thus, if λ ∈ 0, q/2 Λ 0 , then
for some positive constant d 0 . This completes the proof.
We define the Palais-Smale simply by PS sequences, PS -values, and PSconditions in H (
Proof. The proof is almost the same as that in Wu 32, Proposition 9 . Now, we establish the existence of a local minimum for J λa,b on M λa,b Ω . ii u λ is a positive solution of E λa,b in Ω.
iii u λ H 1 → 0 as λ → 0 .
Proof. By Proposition 3.3 i , there is a minimizing sequence {u n } for J λa,b on M λa,b Ω such that
Since J λ is coercive on M λa,b Ω see Lemma 2.1 , we get that {u n } is bounded in H 
3.11
By A1 , Egorov theorem, and Hölder inequality, we have
First, we claim that u λ is a nonzero solution of E λa,b . By 3.10 and 3.11 , it is easy to see that u λ is a solution of E λa,b . From u n ∈ M λa,b Ω and 2.3 , we deduce that
Let n → ∞ in 3.13 ; by 3.10 , 3.12 , and α λa,b < 0, we get
In order to prove that J λa,b u λ α λa,b , it suffices to recall that u n , u λ ∈ M λa,b Ω , by 3.15 and by applying Fatou's lemma to get
3.16
This implies that J λa,b u λ α λa,b and lim n → ∞ u n
Let v n u n − u λ ; then by Brézis and Lieb, lemma 33 implies that
Therefore, u n → u λ strongly in H 
4.7
It is easy to see that J λa,b u 0 0, and by A1 , Egorov theorem, and Hölder inequality, we have 
